THE NUMBER OF SOLUTIONS OF SOME SPECIAL EQUATIONS
Another example of (1.1) is furnished by the polynomial [2, Theorem 4] s H
where the exponents a^j satisfy
We now have
where r ~ r x + r 2 + + r s .
An instance of a somewhat different kind is furnished by Δ (x) = | xq |, the determinant of order x in the r indeterminates %j y. The number of solutions of Δ ( ξ) = α is given by [ 5 ] ( 1.6) where again k(d) is defined by (1.3) . We shall show below that if P (x) denotes the Pfaffian in the r(2r -1) indeterminates xij,
The result (1.7) may of course be expressed in terms of Λ(s(cO, where S{x)
is the general skew-symmetric determinant of even order. The corresponding result for symmetric determinants seems more difficult to obtain and will not be discussed in the present note.
Returning to (1.1), we note that it is easy to show that if the polynomials / and g satisfy (1.1) then the same is true of
where the x's and y's are distinct. More precisely, if
By means of (1.9) and the other formulas stated above we may derive many additional instances of (1.1). To mention one example,
where each of the Pfaffians Pi contain r(2r-l) unknowns; the total number of unknowns is rs (2r -1). We can also determine the number of solutions of the 2, 3, ... , 2r) see for example [6, §61] . We recall in particular the recursion formula (2.1) (1, 2, 3, ... , 2r) = % 12 (3, 4, . .. ,2r) + % 13 (4, 5, ... ,2r, 2) + +*i, 2r (2, 3, , 2r -1) . It is easily verified that (2.5) and (2.6) imply (1.7).
Pfaffians. For properties of the Pfaffian
As for S {x ) we have:
where φ (α) = 0, +1, -1 according as 0, = 0, a square or a nonsquare of GF{q).
Some general results. If the polynomial / (x) is such that (3.1) Nf(O) = l o , W/ (α) = ίi (αjέO),
then it is easily verified that
where k{d) is defined by (1.3) and
Conversely (3.2) and (3.3) imply (3.1). (Compare [ 1, §9].)
We now prove: 
Σ ) + Σ Hξ)k(a-ξ)
This evidently completes the proof of (3.4).
If we define the dot product of two functions k\ 9 k^ by means of
then (3.4) can be written as
where the function 1 is defined by 1 (OC) = 1 for all (X. The product is associative and commutative.
Returning to (3.2) , let / and g be polynomials such that
Also let (3.8) h(x,y) = f(xι, ,x r ) + g(y i t , y s ) ,
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Clearly we have
by (3.4) . We now state:
THEOREM 4. // the polynomials f 9 g satisfy (3.7), and h is defined by (3.8) , then /V/>(α) is determined by (3.9) .
In terms of (3.5) 
where / satisfies (3.2), then
Applying (3.10) to Theorem 1 we immediately get (1.10). Similarly if we apply (3.10) to (1.6) and put (3.11) we get the (3.12) result Woe)-,'
It is of course not necessary that the determinants in the right member of (3.11) be of the same order.
Additional results like (3.12) as well as various mixed results using (1.2), (1.5) , (1.6) , and (1.7) are readily obtained.
Another theorem.
In view of (2.7) we consider functions of the form 
Note that the right member of (4.3) is the sum of a function of the type (4.1) and one of the type (3.1).
If we identify (4.1) with (2.7) we get the number of solutions of the equation
where S and S' denote skew-symmetric determinants in f. , η^ respectively.
It seems unnecessary to state the final formulas which are somewhat complicated.
By means of Theorem 5 we may also obtain the number of solutions of such equations as
where Q, Q' denote quadratic forms in an even number of unknowns.
As for the equation
where Δ is a general determinant and S is skew-symmetric, the situtation is somewhat simpler. It is now necessary to evaluate
By means of a straightforward computation we find that (4.7) reduces to
In particular, substituting from (1.2) and (2.7) in (4.8), we get the number of solutions of (4.6) where Oί is a primitive number of GF (q Γ ). In general we may put 
